Taylor stochastic finite element method (SFEM) is applied to analyze the uncertainty of plane multiple cracks stress intensity factors (SIFs) considering the uncertainties of material properties, crack length, and load. The stochastic finite element model of plane multiple cracks are presented. In this model, crack tips are meshed with six-node triangular quarter-point elements; and other area is meshed with six-node triangular elements. The partial derivatives of displacement and stiffness matrix with respect to all the random variables obtained by Taylor SFEM are derived. Meanwhile, the mean and variance expressions of SIF under uncertain factors are also derived. Parallel double-crack illustrative example of using the proposed method is given. The calculation results indicate that the uncertainty of SIF is influenced by the distance of the cracks, the smaller the distance of cracks is, the greater the SIF uncertainty is, and the uncertainties of material elastic modulus, load and crack length markedly affect the uncertainty of SIF; and the Poisson ratio of material has little influence. Among the variables, the elastic modulus has the greatest effect on SIF uncertainty. The next is external load. The crack length has lower effect on SIF uncertainty than both the elastic modulus and external load.
Introduction*
At present, the study on multiple cracks issue is focused on fatigue multiple cracks propagation and residual strength under the influences of deterministic factors [1] [2] [3] [4] . However, the uncertainty of fracture parameters for multiple crack structure factors has rarely been studied. Researches show [5] [6] that geometrical and physical random variables of structure, such as load, material property, and crack length, strongly influence the fracture parameters of structure with single crack. Hence, the fracture parameters should be considered as random variables, and then the result of research for multiple cracks issue will be more reasonable. Because of the complexity of the calculation of multiple crack fracture parameters and the uncertainty of the interaction of cracks, no report about the uncertainty of multiple crack has appeared yet currently. multiple cracks on aging aircraft often lead to severe fatigue damages [7] [8] [9] . Stochastic finite element method (SFEM) is used to explore the uncertainty of plane multiple cracks and the corresponding influence factors.
Analysis of Influence Factors with Uncertainties for Multiple Cracks
The stress, displacement, and stress intensity factors (SIFs) of crack tip should be considered as random variables during establishing the fracture mechanics model of multiple cracks structure. The uncertainty of fracture parameters is coming from geometrical and physical uncertainties of structure with cracks. Geometrical uncertainty includes structure pattern, crack pattern, and length; Physical uncertainty includes material properties, load, and so on. Considering all the parameters as random variables, the fracture parameter calculation of multiple cracks using analytic method is very difficult, even difficult to be realized. Hence, the numerical method should be used. In recent 20 years, SFEM as a numerical method is extensively applied to dealing with structure reliability and nonlinearity issues because the random variables can be considered by SFEM [10] [11] [12] [13] [14] [15] [16] . In recent years, SFEM is gradually applied to fracture reliability analysis, but it is still rarely used to solve the multiple-crack problem [17] [18] . The principal difficulty is how to calculate the interaction of cracks [19] [20] . The procedure of calculating the fracture parameter uncertainty with SFEM is as follows:
meshing the interacting area of cracks properly;
calculating the mean and variance of each node displacement;
introducing the mean and variance into the finite element formulas of fracture mechanics.
FEM Calculation of Plane Multiple Crack SIFs
In the finite element analysis of fracture mechanics, meshing the crack tip with 12 singular elements is the current method as shown in Fig.1(a) . For the arbitrary plane crack shown in Fig.1(b) , the displacement of crack tip in global coordinate system should be transformed into crack tip coordinate system. sin cos 1, 2, 3, 4, 5 cos sin At crack tip node, the relationship between SIF and displacement is:
At crack tip node 1, r is 0, and SIF cannot be solved directly by the above mentioned formulas but can be solved by the extrapolation of nearby nodes. The proposed calculation formulas of SIFs are utilizing the displacements of 4 nodes on the crack plane of singular element as shown below:
where The mean and variance of SIFs are:
where E[ ] is the mean, Var[ ] the variance, and Cov( ) the covariance, i u ' and i v ' are the x' and y' direction displacement means of node i at crack tip, respectively, and the mean and variance of which can be obtained by SFEM. For the crack tip of plane multiple cracks, the mean and variance of SIFs can be obtained by executing the calculation mentioned above.
SFEM Model of Plane Multiple Cracks
Taylor SFEM is a kind of widely used SFEM No.3
Xue Xiaofeng et al. / Chinese Journal of Aeronautics 22(2009) 257-261
· 259 · method for its simple principle and good precision [21] . The uncertainties of parameters involved in the plane multiple cracks SFEM model in this article are uncertainty of elastic modulus E, Poisson ratio , load P, and cracks length [a 1 a 2 ··· a n ], respectively. Six-node triangular quarter-point element is used to mesh each crack tip, and six-node triangular element is used to mesh other area.
Taylor SFEM
is the random variable array and Y j is the jth primary random variable, then according to Taylor SFEM, the first order Taylor expansion of displacement array u at its mean point is
Calculation of the mean and variance of multiple cracks structure node displacement considering interaction of cracks
The derivative of multiple cracks structure node displacement array with respect to each random variable is expressed as follows:
where load array F is derived according to the boundary conditions and element properties, and the derivative of F with respect to each random variable can be easily derived, / j Y K is very important for the plane fracture mechanics SFEM model, and the calculation of / j Y K should be performed for both the general and singular elements. The partial derivative of displacement array with respect to physical random variable is easily derived. When we calculate the partial derivative of displacement array with respect to each crack length, we should consider the interaction of cracks. To do this, we set u as the displacement array of all nodes including the nodes at all crack tips and other areas. The nodes at crack tip belong to the singular element. Because we are just interested in the uncertainty of nodes displacement at the crack tip, the displacement array of all the nodes u will be simplified as
The partial derivative of load array with respect to crack length is generally equal to 0.
/ i a K can be derived according to the element properties and node coordinates. The partial derivative of node displacement with respect to the length a i of crack i is:
From Eq. (11) (8)- (9), we will obtain the mean and variance of nodes displacement under the influence of the uncertainty of all crack lengths. The covariance of any two displacement components under the influence of all the random variables is:
The mean and variance of nodes displacement array under the influence of all the random variables are obtained through introducing the partial derivative of all node displacement array with respect to all the random variables into Eqs. (8)-(9). After introducing the mean and variance of node displacement at each crack tip into Eqs. (4)- (7), we can obtain the mean and variance of each crack SIF.
Numerical Results
Considering the plane parallel double-crack shown in Fig.2 , crack lengths are a 1 = a 2 = a = 10 mm, the elastic modulus of material is E = 72 GPa, the Poisson ratio is = 0.31, and the load is P = 50 MPa. For simplicity, the variation coefficients of all the random variables (the ratio of mean square variance to mean) are assumed as 0.01, and all the random variables are mutually independent. Table 1 shows the mean and variation coefficients of I and II SIFs at crack tips A, B, C, and D under the influence of all the random variables in the cases of d = 10 mm, 8 mm, and 6 mm. The influence of each random variable on the uncertainty of SIFs is also shown in Table 1 . Due to the symmetry of model, the calculation results at crack tips A, B, C, and D are identical. In Table  1 , K I and K II are the means of I and II SIFs, respectively, and V K and S are the variation coefficient and variance of K I and K II . When the crack lengths a 1 and a 2 , load P, material elastic modulus E, and Poisson ratio are separately considered, S a1 , S a2 , S E , S P , and S are the variances of SIFs with respect to each random variable, respectively; and the summation of them is the variance of SIF, which takes all the random variables into consideration, although all the random variables are mutually independent. The number in the bracket is the percentage of which the variance of each factor contributes to the whole variance of SIF. From the results in Table 1 , we can observe that K I decreases and K II increases as the distance between cracks reduces. Meanwhile, the variation coefficients of K I and K II are about 1.8% and increase as the cracks distance reduces. The main reason is: with the reducing of cracks distance, the interactions of cracks become more significant and lead to much greater uncertainty, and the variation coefficient of SIFs is increased to some extent. The numerical results also indicate that the uncertainty of elastic modulus E has the greatest influence on the uncertainty of SIF and accounts for more than 60% of the total influence of all variables, because the mean of elastic modulus is much greater than the other random variables and contributes to the most; the load P comes second and accounts for about 28%; the crack lengths a 1 and a 2 have lower effect on SIF uncertainty than both E and P, and totals about 9%; and Poisson ratio has the lowest effect on SIF uncertainty. In addition, the effect of crack length uncertainty on SIF uncertainty increases with the distance between cracks increasing. 
Conclusions
(1) Due to the uncertainties of load, elastic modulus, Poisson ratio, and crack length, they should be regarded as random variables in establishing the multiple cracks fracture mechanics SFEM model. The calculation formulas for the SIF and its mean and variance of general linear elastic fracture mechanics plane crack are derived with six-node singular triangular quarter-point elements. Based on Taylor SFEM, the calculation method of multiple cracks SIFs mean and variation coefficient is given.
(2) When the crack lengths are identical, the effect of distance between cracks on SIF variation coefficients increases as the distance reduces. Hence, the distance between cracks should be paid more attention in the uncertainty analysis of plane multiple cracks.
(3) Comparing the influences of uncertainties of geometrical and physical random variables on the SIF uncertainty, the physical uncertainty has more significant influence on the SIF uncertainty. Among the physical random variables, the elastic modulus E and load P have remarkable effects on the SIF uncertainty, and the Poisson ratio of material affects little.
